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Abstract: 

By extending the concept of Maurer-Cartan equations, I introduce a dual formulation of (classical) nonlinear 
extensions of the Virasoro algebra. This dual formulation is closely related to three dimensional actions which 
are analogous to a Chern-Simons action. I present an explicit construction in terms of superfields of the 
N = 2 super W4-algebra. 
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1. VK-algcbras [1] arc nonlinear extensions of the; Virasoro algebra which play an important role in many 
areas in mathematical physics. Although they originally appeared in the classical version (as Hamiltonian 
structures on integrable hierarchies [2]), the classical structure of these algebras has attracted a wider at- 
tention only recently (see e.g. [3]). The classical structure of a T4^-algebra is expressed in terms of Poisson 
brackets between the generators. For conventional Lie algebras, an alternative formulation in terms of one- 
forms dual to the generators is available, which has proved useful, especially in complex situations such as 
supcrgravity theories. The equations expressing the algebraic structure are the Maurer-Cartan equations 
for the left invariant one-forms on the group (see e.g. [4]). The Maurer-Cartan equations have a natural 
generalization in which forms of arbitrary degree are admitted, and which leads to free differential algebras 
(for a review, see [5]). In this letter I extend this concept further, allowing the generators of the algebra as 
zero-forms in the free differential algebra. This generalization allows one to formulate nonlinear algebras in 
a compact way. 

An interesting aspect of this formulation is that the Maurer-Cartan equations are the equations of 
motion of a three-dimensional action which generalizes Chern-Simons theory for a compact gauge group. In 
the case of the Virasoro algebra, this action is related to Polyakov's chiral induced gravity in exactly the 
same way as Chern-Simons theories are related to WZW- models [6]. 

The relation with generalized Chern-Simons theory is very useful for the explicit construction of W- 
algebras. As an example, I give the complete structure oi N = 2 super W4, for which the conventional 
construction has not been carried out. 



2. The structure of an arbitrary Lie algebra can be specified by the Maurer-Cartan equations 

dA+^[A,A]=0, (2.1) 

where [, ] is the Lie bracket and A = A°'Ta is the canonical Lie algebra valued one-form. The components 
A"- of A are left invariant one- forms on the corresponding group, dual to the left invariant vector fields Ta, 
which are in one to one correspondence with the generators of the algebra. Equivalently, the left hand side 
of (2.1) can be viewed as the definition of the curvature two-form corresponding to the gauge potential A. 
The consistency condition d^A = is satisfied by virtue of the Jacobi identities satisfied by the Lie bracket. 
For the Virasoro algebra, the Maurer-Cartan equations can be written as 

dn{x) + iJi{x)iJ,'{x) = , (2.2) 

da + j dx fi{x)iJ."'{x) = . (2.3) 

Here, x is a coordinate on the circle, and iJ,{x) and a are the components of A dual (in the above sense) to 
the stress tensor T{x) and the central clement, respectively. 

One can construct an alternative algebraic structure involving the dual objects fi and T, which is 
equivalent to (2.2,3). Consider the system 

dn{x) + ^j,{x)tJ.'{x) =0, (2.4) 

VT{x) + n'"{x) =0. (2.5) 

Here, V(/> = d(j) + s^'4> + A*^i' denotes the covariant derivative of the tensor of spin s, the spin of /z and T 
being —1 and 2 respectively. It is easy to verify that (2.4,5) is integrable in the sense that the consistency 
conditions d'^T = d^ ji = arc satisfied. Hence, this system defines a (generalized) free differential algebra, 
with the generator T appearing as a zero-form. Moreover, since (2.5) is the Virasoro Ward identity, which by 
itself completely characterizes the Virasoro algebra [7], (2.4,5) can be considered as equivalent to the system 
(2.2,3). In this case, the conventional description in terms of one-forms (2.2,3) is available, but in the case 
of the Ws-algebra the inclusion of generators in the dual description cannot be avoided. 

To pass from one of the systems (2.2,3), (2.4,5) to the other, it is useful to notice that both are related 
to the three dimensional action 

S = j dx j {2TF + iifj.'") , (2.6) 
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where F = djj+fj.i.i' is the field strength corresponding to /i. The second integral here is over a two dimensional 
surface perpendicular to the x direction. The differential forms in this letter have components only along this 
surface. The action (2.6) consists of a "kinetic" piece, which is the product of the field strength F and the 
generator T, and the Gcl'fand-Fuchs cocycle appearing in (2.3). A procedure to derive this action from the 
system (2.2,3) is described in detail elsewhere [6]. However, as I will discuss presently, actions of this type 
can be constructed directly, without reference to a system of the form (2.2,3). Eqs. (2.4,5), or generalizations 
thereof, are then obtained as the equations of motion corresponding to this action. 

The action (2.6) is the analogue for the Virasoro algebra of the Chern-Simons action for a compact 
gauge group, which is well known to be related to the corresponding Kac-Moody algebra. This analogy with 
Chern-Simons theory is clear if one writes the latter in a 2 + 1 decomposition 



j dx j {2A^F - AA') 



(2.7) 



Under ordinary gauge transformations in three dimensions, A^ transforms as a current of the Kac-Moody 
algebra, so that the first term in (2.7) is analogous to the first term in (2.6). The second term in (2.7) is the 
Kac-Moody cocycle and is the analogue of the Gel'fand-Fuchs cocycle in (2.6). 

The Virasoro action (2.6) can be generalized in an obvious manner to include additional spins. For each 
additional generator, one also introduces a dual one-form. The kinetic piece should then contain the product 
of each generator with the corresponding field strength, and the Gel'fand-Puchs cocycle should be extended 
to the most general closed two-form that can be constructed from the dual one-forms and the generators. 
This procedure automatically yields equations of motion which form an integrable system, and is in fact an 
efficient method to construct such systems. 

The Ws-algebra algebra contains, in addition to the spin 2 field T{x) and the central element, a spin 3 
field W{x). The corresponding dual one- form ^{x) has spin —2. In order to incorporate these fields in the 
system (2.2,3), one has to construct a closed two-form involving u analogous to the Gel'fand-Fuchs cocycle 
J dx ni-i'". The leading part of this two- form is expected to be 



/ 



dxuu^^K (2.6 



Such a cocycle however cannot be constructed from u alone; one also needs to include the stress tensor T. 
To see this, I supplement eqs. (2.4,5) with 

S/u = 0. (2.9) 

The left hand side of this equation is the minimal form of the field strength for ly, as dictated by the conformal 
symmetry. I will always take this minimal expression as a starting point for constructing the action. The 
full field strength then follows as an equation of motion of this action, and will contain in general corrections 
to the ansatz of the form (2.9). 

To construct the W3 cocycle, I consider the exterior derivative of / dx w^^^ 

d J dxvv^^"' = J dx{lQuu"'iJL"' -Qvv'n^^^). (2.10) 

Observe that the right hand side of (2.10) only involves derivatives of /z'". Because of this, it can be cancelled 
by adding the following terms 

' dx {10uu"'T - 6uu'T") . (2.11) 



The derivative of (2.11), in turn, is cancelled by a term quadratic in T 

dx Wuu'T'^ , (2.12) 



which is closed by itself. Hence the sum of eqs. (2.8,11,12) is a closed two- form, which can be added to the 
Gel'fand-Fuchs cocycle in eq. (2.3). It expresses the fact that the commutator of two W charges contains 
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terms proportional to the stress tensor, although it does so in an unconventional way by introducing terms 
proportional to T in the central extension. The advantage of this approach is that the nonlinearities can be 
incorporated naturally by allowing higher powers of the generators, such as the term of eq. (2.12). 

The Virasoro Chern-Simons action (2.6) can now be extended to the following W3 Chern-Simons action 

S = j dx j {2TF + 2WVp + nn'" + uv^^^ + lQvv"'T - Quv'T" + IQviy'T^) . (2.13) 

The equations of motion corresponding to this action are 

dfi + nil' - vv'" - Gu'iy" + S2iyiy'T = , (2.14) 

S/u = 0, (2.15) 

VT + n'" + 3iy'W + 2uW' = 0, (2.16) 

VW + D^i^ = 0, (2.17) 
where is the Gel'fand-Dickey operator acting on spin —2 

D^u = + 10u'"T + lhv"T' + 9i/'T" + 2vT"' + IQv'T"^ + l&vTT' . (2.18) 

This system is again easily seen to be integrable. Notice that eqs. (2.16,17) are the familiar Ward 
identities (see e.g. [8]). These Ward identities, as well as the definitions of the curvatures (2.14,15) are 
summarized in a compact way in the Chern-Simons action (12). 

Other extensions of the Virasoro algebra can be constructed in exactly the same way. For example, the 
W3 algebra [9], containing, besides the stress tensor, two bosonic spins 3/2, G±, and a f/(l) charge, J, is 
characterized by the following action 

S = I dx [ {2TF + G+V^_ - G_ + 2JWA + ^u^u'" + AA' + ^+V'" 

J J (2.19) 

+ 2Q^+^'_J + Q^+^-J' + \'^+^-T + (g2 _ 1 )V'+V- J^) . 

Here, the subscripts ± label the U{1) charges of the fields in units of Q, which is determined to be ^a/— 3, 
and now denotes the covariant derivative including the U{1) connection A of the field cf) of spin s and 
charge q 

\7(j) = (j) + sii'cj) + iicf)' + qAcj) . (2.20) 



3. An interesting class of extensions of the Virasoro algebra are the super W-algebras. The formalism 
presented in this letter can be extended to the super case, describing the algebra in terms of an action for 
superfields in superspaee. I will discuss here the N = 2 super W3- [10] and super T4^4-algebras. 

I will use the following notation. Let = 9\ + 92, = 61 — O2 denote chiral combinations of the fermionic 
coordinates, and D = dg + 9dx, D = de + 9dx the corresponding superderivatives. Then cp' = ^{DD + DD)(j) 
is the ordinary derivative, while I define <p = \{DD — DD)(j). 

The super Virasoro algebra is characterized by the following action in A'' = 2 superspaee 

S = j dxded9 j {2JF + ijiii') , (3.1) 

where ji and J now denote N = 2 superfields having the corresponding bosonic fields as their lowest compo- 
nents. The N = 2 field strength is defined as 

F = dn + nn' + \DiiDh , (3.2) 
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and, similarly, the N = 2 supercovariant derivative is 



V(t) = d(i) + sij!(j) + ^icj)' + \DiiDcj) + ^DfiDcl) . (3.3) 

Notice that the generator dual to fi now is a spin 1 charge J. This is dictated by the dimension of the N = 2 
superspace measure. The super Virasoro Ward identity following from (3.1) is 

V J + A' = . (3.4) 

As an aside, the maximal super extension of the Virasoro algebra that can be formulated in this fashion is 
the N = 3 algebra, with action 



-I 



dx dOi d02 dOz j {2^{diJL + nn' + ^D,iiD,ii) + 11D1D2D311) , (3.5) 



where $ is a spin 1/2 field. 

A useful property of the N = 2 superconformal algebra is the parity symmetry ^ 9, fi ^ j2, J ^ —J. 
Both the measure and the lagrangian in (3.1) are odd under this parity symmetry. 

The N = 2 super VFa-algebra contains, in addition to /i and J, again a spin —2 one-form v which is now 
accompanied by a spin 2 charge S. v and S have negative and positive parity, respectively. To determine 
the closed two-form to appear in the action, I first determine the structure required by superconformal 
covariancc. That is, analogously to the bosonic case, I take as a starting point the superconformal Ward 
identity (3.4) supplemented by the equations 

Vz/ = + v'" = , (3.6) 

and determine the most general cocycle that can be built from v and S, consistent with parity. In this case, 
there are two independent cocycles, one with leading term i/i)'" , and an additional one linear in S, with 
leading term i/i/'S. A short calculation analogous to the one leading to (2.11,12) gives the full structure of 
these cocycles 

ojo =\vv"' + vv"'J + ZvDv"DJ + vv'j + ^vDv'DJ' 
+ \vvj' + IvDvDJ" 

- \vv'J'^ - vDvJDJ - \vvJJ' + lijv'jj - ^vv'DJDJ (3.7) 

- \vDvJDJ' + ^vDvJDJ- \ J'DJ 

- vDvj'^DJ - vv'J^ - p.c. , 

wi = a^{\vv'S + \vDv'DS + \vvS' + ^vv' S + ^vDuDS' 

+ ^uu'JS + ^vDvSDJ - ^vDvJDS) - p.c. ^ " ' 

Here p.c. denotes the parity conjugate. 

The action generating the differential algebra can be written as 



S = jdxdOde j {2 JF + 2SVU + lift' + too + u!i) 



(3.9) 



involving a single constant ai . This constant is to be determined by imposing the integrability condition on 
the equations of motion. In this way one obtains = —25, where the sign ambiguity corresponds to the 
freedom of flipping the sign of both u and S. 

The N = 2 super W4-algebra contains, in addition to the fields of the N = 2 Ws-algebra, a spin —3 
one-form tt of positive parity, and a spin 3 charge V of negative parity. As a starting point, one supplements 
eqs. (3.4,6) with 

Vtt = -I- TT^^^ = . (3.10) 
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In addition to (3.7,8), one has then the following closed combinations 



+ 20wDw"'DJ' + fnTr"j' + IStttt'" J" + fnDn"DJ" + ^wn'j" 
+ UttDtt'DJ'" + TTir'j'" - f tttt' + ^ttDttDJ^^^ 

- Itt^'" J2 + 5nDTr"'JDJ - ^TTn"JJ' - ^nn"'DJDJ 

+ mnn"'jj + ^■KD-K"jDJ- ^■kD'k"JDJ' - ^■kD'k"J'DJ 

- Itttt'DJ'DJ + 8n-k'j^ - ^tttt'J'^ - ^nir'JJ" 

~ ^ttDtt'JDJ" + fTrDw'j'DJ - 9nDTr'J"DJ + GATrDw'jDJ' 

- UnDn'J'DJ' 

- ItttiDJ"DJ + Stttt j j' - tit: J J'" - SttttJ' J" 

- 9Tnr'jj" - f tttt' J' j' + ^titi'DJ"DJ + 2,bTiTi' DJ' DJ' 

- ttDttJOJ'" - ^ttD-kJ'DJ" - 57r£>7r J"£> J' - 1'kDttJ"'DJ 

+ IbTrDir j"DJ + ^tiDttJ'DJ' + ^TrDnjDJ" (3.11) 

- f tttt'" - f tt^tt" J^D J - Stttt' J'^j + ^tttt'JDJDJ 

- ^ttDtt'J^DJ' - ^ttDtt'JJ'DJ- ^ttDtt'JJDJ 

- AttttJ^J' - SttttJ jj' + ^ttttJ'DJDJ + \ttttJDJDJ' 
+ 24TTTT'jj^ + f TTvr' JJ'2 + 9tttt' J" 

- ^tttt'JDJDJ - ^tttt'JDJDJ' 

+ ^ttDttJ^DJ - IfTTDTvJ'^DJ - ^ttDttJJ'DJ - 13ttDttJJ"DJ 

- fTTDTTJJ'DJ - ^ttDttJJDJ' - ^ttDttJJ'DJ' 

- fTTDTTj'^DJ" - ^ttDttDJ'DJDJ 
+ 2tttt'J^ +4ttDtt'J^DJ 

+ AttttJ^J' - 24tttt'J^J + AQtttt' J'^DJDJ 

+ AttDttJ^DJ' - 26TTDTTj'^jDJ + IAttDttJ'^J'DJ 

+ 6tttt'J^ + 6ttDttJ^DJ - p.c. , 

W3 = a3{^i^TT"'S + IvDtt"DS + ^vtt"S' + ^vtt' S + ^uDtt'DS' 
+ Ivtt'S" + ^vttS' + \vDttDS" + \vttS'" 

- ^vtt'JS - ^vDtt'SDJ - ^vDtt'JDS 

- \vttJ'S - \vttJS' - \vttDJDS 
+ vtt'JS + ^vtt'JS + ^vtt'DJDS 

- ^vDttJDS' - \vDttJ'DS + IvDttJDS (3.12) 

- \vDttSDJ' - \vDttS'DJ + \vDttSDJ 
+ ^vttJS' + vttJS' + ^vttJ'S 

+ IvttJ'S + IvttDJ'DS + "^vttDJDS' 

- Ivtt'J^S - ^vDttJ^DS - ^DttJDJS - ^vttJ'^S' 

- 2vttJJ'S + \vttJDJDS 

+ ^vT^'V +^vDvDV)-v.c., 

LJ4 = a4{^TTTT"'S + \ttDtt"'DS + Itttt" S' + ^tttt'" S + ^ttDtt"DS' 
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^TT^'^" + IttDtt'DS" + ^nnS'" - ^inr'S" + ^ttDttDS'" 
+ ^7rn"'JS + ^■KDn"DJS - ^■kD'k"JDS 
+ ln-k'jS - ^tttt'DJDS 

+ firDTr'SDJ' - ^ttDtt'JDS' + ^ttDtt'SDJ 

+ IwDTr'jDS + ^ttDtt'S'DJ - ^ttDtt'J'DS 

+ ^irnj'S + ^TTTtJS' - ^ttttDJ'DS - ^n-kDJDS' 

+ ^tttt' J''^ - ^tttt'J'S' - ^nn'JS" + %Tnr'jS (3.13) 

- ^nn'DJ'DS - ^tttt'DJDS' 

+ ^ttDttSDJ" - ^ttDttJDS" + ^ttDttSDJ' + ^nDirjDS' 
+ ^ttDttS'DJ' - ^tvDttJ'DS' + ^ttD-kS'DJ + ^ttDttJ'DS 

+ %ttDtiS"DJ - ^TrDTrJ"DS 

- l-TTTr'J^S - $nDTr'J^DS - ^nDTr'JDJS - ^nnJ^S' - UttJJ'S 

o o ^> o o 

_ ^TTT,' J^S + ^-KTi'jjS - ^^TTTr'DJDJS - ^tvk'JDJDS 

- ^ttDttJDJ'S - ^ttDttJ^DS' + ^TrDTrjDJS - ^ttDttJ'DJS 

- ^TrDnjjDS - ^ttD-kJJ'DS - ^ttDttJDJS - ^^ttDttJDJS' 
+ ^ttDttDJDJDS 

- ^nir'J^S - ^ttDwJ^DJS + ^ttDttJ^DS 
+ ^i^n'V + IvDtt'DV + IvW + \vk'V 

+ ^vD-kDV' + ^v-kV' 

+ %VT^'JV + f^vDnDJV - ^vDnJDV 

+ ^i^nJ'V + ^i^nJV - ^uttDJDV) - p.c. , 

W5 = a5{^TnT"'V + \tiDt^"DV + {^tttt'V 

+ ^■kD'k'DV + ^-kW' - f TTTr'y" + ^ttD-kDV" 

- ^-K-k'JV - ^ttDtt'VDJ - ^■kD'k'JDV 

- ^■K'kJ'V - ^'K'kJV' + ^■Kn'jV + ^tttt'JV - %-k-k'DJDV 

- ^-kD-kVDJ' - ^ttDttJOV + InDTvjDV - ^ttDttJ'DV 

+ ^ttDwVDJ - ^■kD'kV'DJ (3.14) 

- ^tttt' JV - ^ttDttJDJV - ^ttDttJ'^DV) - p.c. , 

oje = aei^nn'S^ + ttDtt'SDS + ^ttttSS' + ^tttt'SS + ttDttSDS' 

+Pei6nDTT'SDS + bnirSS' + bmr'SS + ^tttt'DSDS 

+ 12ttDttSDS' + 3TTDTrS'DS (3.15) 

- Ann'JS'^ - Q-kDttD JS'^ + 2nDTrJSDS) 
+76 ( - AttDttSDS' + bTTDirS'DS + ttDttSDS 

+ 8wDTrDJS^ - AnDwJSDS) - p.c. , 

UJ7 = ari^mr'SV + InDwDSV) 

+p7i^nn'SV + \-kD-kSDV) - p.c. , (3.16) 
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= asi^i^n'S'^ + IvD'kSDS + IvkSS') - p.c. 



(3.17) 



The action is the sum of the standard kinetic piece and the sum of these cocycles 

S = jdxSde j{2JF + 2SVu + 2VV'K + iJ.ij.' + ^u>i). (3.18) 

Again, the constants are determined by imposing the integrabihty conditions on the equations of motion. 
One obtains 

' 2 



"5 = f (3.19) 

ag = -46, f3e = 10, 76 = 5, 

«8 = -60J^7|. 



The sign ambiguity of W — (\/l) corresponds to the freedom of flipping the sign of u and S (tt and V). 



4. In this letter I have presented an extension of the concept of free differential algebras which allows one 
to incorporate nonlincaritics of the type encountered in T4^-algcbras. The Maurcr-Cartan equations arc the 
equations of motion corresponding to a Chern-Simons type action which encodes the algebraic structure in 
a compact way. This formalism is very well suited to the explicit construction of more complicated algebras, 
and I have used it here to determine the complete structure of the N = 2 super W4-algebra. 

After writing this letter I became aware of [11], in which curvatures for nonlinear algebras are defined 
containing coadjoint scalars. This generalization of curvatures is equivalent to the generalization of free 
differential algebras considered here. 
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